Neutron-proton elliptic flow difference and ratio have been shown to be promising observables in the attempt to constrain the density dependence of the symmetry energy above the saturation point from heavy-ion collision data. Their dependence on model parameters like microscopic nucleon-nucleon cross-sections, compressibility of nuclear matter, optical potential, and symmetry energy parametrization is thoroughly studied. By using a parametrization of the symmetry energy derived from the momentum dependent Gogny force in conjunction with the Tübingen QMD model and comparing with the experimental FOPI/LAND data for 197 Au+ 197 Au collisions at 400
I. INTRODUCTION
The isovector part of the equation of state (asy-EoS) of asymmetric nuclear matter, known as symmetry energy (SE), represents one of the remaining open questions of nuclear physics. It comprises the lesser known part of the nuclear matter equation of state (EoS) that can be approximately described by the expansion E(ρ, β) = E 0 (ρ, β = 0) + E sym (ρ) β 2 ,
where β=(ρ n -ρ p )/(ρ n +ρ p ) with ρ n , ρ p and ρ denoting the neutron, proton and total nucleon densities, respectively. Knowledge of its precise density dependence is mandatory for the proper understanding of the structure of rare isotopes, dynamics and spectra of heavy-ion collisions and most importantly for certain astrophysical processes such as neutron star cooling and supernovae explosions [1, 2] . Intermediate energy nuclear reactions involving stable and radioactive beams have allowed, by studying the thickness of neutron skins, deformation, binding energies and isospin diffusion, to constrain the density dependence of SE at densities below saturation (ρ 0 ) [3] [4] [5] [6] . Existing theoretical models describing its density dependence generally agree with each other in this density regime, but their predictions start to diverge well before regions with densities ρ ≥ 2ρ 0 are reached [2] .
Nuclear matter at suprasaturation densities is created in the laboratory in the processes of collisions of heavy nuclei. Several observables that can be measured in such reactions have been determined to bear information on the behavior of the SE above ρ 0 : the ratio of neutron/proton yields of squeezed out nucleons [7] , light cluster emission [8] , π − /π + multiplicity ratio in central collisions [9] [10] [11] , double neutron to proton ratios of nucleon emission from isospin-asymmetric but mass-symmetric reactions [12] and others.
The FOPI experimental data for the π − /π + ratio [13] have been used to set constraints on the suprasaturation density behavior of SE by various authors with contradicting results:
Xiao et al. [9] made use of the IBUU transport model supplemented by the isovector momentum dependent Gogny inspired parametrization of SE [14] to point toward a soft asy-EoS, the study of Feng and Jin [10] , which employed IQMD and a power-law parametrization of the potential part of the symmetry energy,
favors a stiff SE. Most recently Xie et al. [11] addressed the same issue within the Boltzmann-Langevin approach and a power-law parametrization of asy-EoS presenting support for a super-soft scenario for the symmetry energy.
Constraints on the high density dependence of S(ρ) extracted from elliptic flow ratios of neutrons and protons (npEFR) v ) has led to a constraint compatible with a linear density dependence for the potential part S(ρ): γ=0.9±0.4 [15] .
In an independent study [20] the neutron-proton elliptic flow difference (npEFD) v
has been proposed as a viable observable for constraining the suprasaturation density dependence of SE. Its dependence on model parameters like in-medium microscopic nucleonnucleon cross-sections, compressibility of symmetric nuclear matter and width of the gaussian wave packet of nucleons is a rather small fraction of the sensitivity to the changes between a stiff and a soft asy-EoS for kinematical acceptances close to those of the FOPI experiment. A comparison with published FOPI-LAND impact parameter dependent data [16, 17] for v n−p 2 was found problematic due to a highly non-monotonous dependence of the experimental data on that variable. Still, the experimental v The present Article aims at an update of the results of References [15, 20] by extending the analysis of the former to both neutron-proton elliptic flow differences v n−p 2 and ratios v n/p 2 and by addressing the model dependence due to the momentum dependent part of the EoS and of the momentum dependence of the SE. A recent overview addressing the relevance of elliptic flow in the study of the SE at supra-saturation density can be found in Ref. [21] .
II. THE FRAMEWORK

A. The model
In the present study, heavy-ion collisions have been simulated by using the QMD transport model developed in Tübingen [22, 23] and expanded to accommodate density-dependent nucleon-nucleon cross-sections and an isospin dependent EoS. The same model has been previously used to study dilepton emission in heavy-ion collisions [24] [25] [26] , stiffness of the equation of state of symmetric nuclear matter [27] and various in-medium effects relevant for the dynamics of heavy-ion collisions [23, 28] . Most of the results of the following Section have been obtained by making use of the Gogny inspired momentum dependent parametrization of the isovector part of the equation of state [14] . It contains a parameter denoted x which has been introduced to allow adjustments in the stiffness of asy-EoS, negative and positive values corresponding to a stiff and a soft density dependence of the symmetry energy, respectively.
To assess the importance of the momentum dependent part of asy-EoS, the momentumindependent power-law parametrization (Eq. (2)) is used where indicated. Further details of the model, relevant for the current study, can be found in [20] .
B. Experimental data
In the original release of the FOPI-LAND data [16, 17] the extraction of proton spectra required, due to insufficient calorimeter resolution, conservative cuts to be applied in order to eliminate deuterium and tritium events. As a result proton elliptic flow values show a non-monotonous dependence on the impact parameter, in contrast to neutrons, making a comparison with predicted values troublesome. The data have been recently reanalyzed [15] in order to determine the optimum conditions for the new ASY-EOS experiment [29] and to extract constraints on the density dependence of the symmetry energy. This effort has also resulted in a drastic improvement of the impact parameter dependence of the elliptic flow of protons. Several data sets, corresponding to different cuts in rapidity 0.25 < y/y P < 0.75 (B) and 0.45 < y/y P < 0.55 (C) and transverse momentum [50] (A) has been applied, the kinematical acceptance of the FOPI-LAND detector in the chosen rapidity window setting constraints for the transverse momentum as well: 0.27 < p T < 1.06.
The values of the elliptic flow of neutrons and protons for this data set have been derived using the experimental values for the squeeze-out factor R N presented in Ref. [17] .
Constraints on the stiffness of asy-EoS extracted by a comparison of the data sets corresponding to different rapidity windows, integrated over impact parameter, with model
agree with each other. One obtains for the x parameter the following values: x = −2.5 ± 1.5, x = −1.5 ± 0.75, and x = −2.0 ± 0.75 for the data sets A, B and C, respectively. Differences between the choices p T < 1.0 and p T < 1.3 are negligible.
The theoretical estimates were obtained using the set of model parameters employed in Section III to generate the central solution, the uncertainty in the values of the x parameter originating solely from the error bars of experimental elliptic flow values.
III. MODEL DEPENDENCE A. Parametrizations of the potential
The nucleon optical potential is an important ingredient of transport models, the sensitivity of heavy-ion observables in general [30] [31] [32] and collective flows [33] in particular to its momentum dependence being well documented. In a recent study [34] the effects of the momentum dependence of the symmetry energy on transverse and elliptic flows have been investigated with the conclusion that the neutron-proton elliptic flow difference presents a small sensitivity to the momentum dependent part of the isovector nucleon potential within the constraint of an asy-soft EoS. This is an important finding since the momentum dependence of the isovector part of the nucleon potential is still an open question. Parametrizations of it with various momentum dependences, or none at all, are commonly employed.
On the theoretical side, the optical potential has been extracted from first principles [35] , and similar approaches have later been extended to also extract the symmetry potential [36] [37] [38] . Alternatively, it has been possible to extract the momentum dependence of the bare nucleon interaction within an effective model [39] starting from the optical potential of
Refs. [40, 41] obtained within a relativistic Dirac-equation description of experimental data of proton scattering on Ca and heavier nuclei. The results of the two approaches are somewhat different, the Brueckner-Hartree-Fock approach and its relativistic counterpart favor a potential that is attractive at all values of the momentum, while the relativistic Dirac approach delivers a potential that becomes repulsive above a certain momentum threshold depending on which experimental data sets are considered. Additionally, the BruecknerHartree-Fock approach predicts an optical potential that is almost momentum independent at moderate values of the momentum.
To account for this model dependence we have simulated heavy-ion collisions by considering three different parametrizations of the optical potential. The first one stems from the isoscalar part of the Gogny interaction [14] while the last two mimic the parametrizations presented in Ref.
[39]
The parameters present in V (M DI) opt ( p i , p j ) can be found in Ref. [14] , while for V
they read: V 0 =-0.054 GeV, v=0.00158 GeV and a=500 GeV −2 , V 0 =-0.0753 GeV, v=0.002526
GeV and a=500 GeV −2 for the old and new parametrization in Ref. [39] , respectively; ρ ij is the contribution to the density at the location of nucleon j due to nucleon i, recovering in the infinite nuclear matter limit the parametrization of Ref. [14] and the right EoS.
The V 0 parameter is absorbed in the linearly density dependent term of the single nucleon
For completeness, the values of the remaining parameters, producing a soft (K=210 MeV) isoscalar EoS, read: α=-0.3901 GeV, β=0.3203 GeV, γ=1.14 and α=-0.2017 GeV, β=0.1861 GeV, γ=1.2104 for the two HA parametrizations.
The momentum dependence of the symmetry energy is currently an unsettled issue and consequently various parametrizations have been employed in the literature. To estimate the impact of this unknown on elliptic flow observables, we have selected two of the most widely employed parametrizations for the current study: the momentum dependent parametrization that follows from the Gogny interaction and the power-law momentum independent fore be considered as an estimate. Nevertheless, it can be concluded that the uncertainties in the optical potential and the momentum dependence/independence of SE have an important impact on elliptic flow observables like npEFD and npEFR. For precisely constraining the symmetry energy at high density from elliptic flow data, an accurate knowledge of the optical potential will, therefore, be required and the problem of the momentum dependence or independence of the asy-EoS will have to be resolved.
In The sensitivities of npEFD and npEFR to model parameter values are similar; both show a model dependence on the optical potential that is almost independent of the stiffness of asy-EoS while the averaged dependence on the parametrization of SE is more pronounced for asy-soft scenarios. The L dependence is slightly more important for an asy-stiff than for an asy-soft EoS for both npEFD and npEFR. The K dependence is important for both npEFD and npEFR irrespective of the value chosen for the asy-EoS stiffness with the exception of the asy-stiff region for npEFD where it represents the most important source of uncertainty.
The model dependence due to these last two parameters makes up most of the sensitivity of npEFD, especially for the case of an asy-stiff scenario. The same holds true for npEFR in the asy-stiff region while for the case of an asy-soft scenario the importance of the optical potential and SE parametrization is equally or slightly more important.
The total model dependence K+L+V opt +S of both npEFD and npEFR is almost insensitive to the stiffness of asy-EoS and is comparable in absolute magnitude with the experimental uncertainty of the respective quantity. For each observable the experimental value and its uncertainty are depicted in Fig. (2) by the horizontal line and hatched band, respectively.
The separation of the theoretical and experimental bands is clear and it amounts to about one standard deviation effect in the super-soft scenario region.
C. Constraints on asy-EoS
The plots of Fig. ( 2) allow the extraction of estimates for the stiffness of asy-EoS: x=-
1.50
+1.75 −1.00 from npEFD and x=-1.25
+1.25 −1.00 from npEFR. These constraints translate, using the parabolic expansion of the asy-EoS around the saturation point
, into the following estimates for the slope and curvature parameters of the symmetry energy:
MeV (npEFR). The obtained values for L sym are larger by a factor of 2 and 50% than the ones extracted from an analysis of neutron skin thickness and isospin diffusion at lower slightly from the one presented in Fig. (3) . This brings strong support to the conclusion that the obtained constraint for the symmetry energy stiffness is model independent by providing evidence that an asy-EoS stiffness close to x=-1 is favored.
The constraints on the density dependence of SE obtained with these different ingredients are in agreement with each other. This contrasts with the current status of the effort to constrain the SE from π − /π + ratios: a study employing IBUU transport model and the Gogny inspired asy-EoS [9] favors a soft asy-EoS, a second study which uses IQMD and the power-law parametrization of SE [10] points towards a stiff asy-EoS while the work of [11] within the Boltzmann-Langevin approach supplemented by a power-law parametrization of SE concludes that a super-soft scenario is the realistic one. The reason for this strong disagreement has most likely nothing to do with the parametrization used for the EoS or its momentum (in)dependence but may originate in medium effects on both ∆ resonance and pion production cross-sections (including their isospin dependent energy thresholds) or other related topics [48, 49] .
The result presented in this Article is robust, the model dependence of the presented observables, while important, is well understood and constraints obtained by employing different parametrizations of the asy-EoS are compatible with each other. An improvement of the current theoretical model is mandatory to allow, together with more accurate experimental data of elliptic flow of neutrons and protons as expected to be delivered by the ASY-EOS Collaboration [29] , a tighter constraint on the high density dependence of the The result of Russotto et al. [15] is also shown together with the Gogny inspired SE parametrization
for three values of the stiffness parameter: x=-1 (stiff), x=0 and x=1 (soft).
symmetry energy.
IV. CONCLUSIONS
Constraints on the high density dependence of the symmetry energy (SE) have been extracted by comparing theoretical predictions of neutron-proton elliptic flow differences has been performed concluding that, while the sensitivity to uncertainties in the model parameters is important, the two observables offer the opportunity to extract information about the SE above the saturation point. Furthermore, the results of the present study supplemented with those of Ref. [15] allow one to conclude that constraints on symmetry energy extracted from elliptic flow data are independent on its parametrization, suggesting that an almost model independent extraction can be achieved in this case. This contrasts with the case of π − /π + ratios where the stiffnesses of asy-EoS extracted using different parametrizations for SE or transport models can be extremely different.
We protons, a tighter constraint on the high density-dependence of the symmetry energy.
